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ABSTRACT

Beckground: Many cletnentary school students have made mistakes in
solving negative integer problems, especially for students with instrumental
understaDding. Studics that focus on stratcgies and difficulties faccd by students can bc
a solution to finding student weaknesses so that they achieve a better level of
understanding. Objecdves: The objective ofthis study was to classify cases of fifth-
grade elementary school students with instrumcntal understanding in solving negativc
integer tasks with a focus on stmtegies and difficulties faced with number liDe models.
Design: This study uses a casc study res€arch design. Setting rnd Psrticipants: Fifth-
grade elementary school students who have studied the material on negative inteBer
operations in Sukodono, Indonesi4 were included. One oftbe students with the most
varied instrurncntal understanding and represcntation strategy was choscn as a casc
study. Drtr collertion and enelysis: Qualitative data collcction w'ds done by providing
a number line model task and interview insmrctions. Data analysis was performed by
comparative analysis, namely, by comparing all data collected, including thc
transcribed audio and video recordings. Results: Reseanghers found various types of
shategies that experienced difliculties to cogritivc completion by students with
instnnnental understanding, along with difficulties in solving number problems.
Conclusions: The implications of this study are very useful for firther research and
lifelong leaming practices, especially in dealing with elemortary school students who
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have dilficulty constructing klowledge and the concept ofnegative intrger arithmetic
operations.

Ke)rwords: stategy and difficulty; reprcscntation; instrumental urderstanding;
negative integer; case study.

Capturrndo Estrat6gi{s e Dificuldades ia Resolugio de Ntmeros Int€iros
Negativos: Um Esaudo de Caso de Compreenseo Instrumetrtal

RESUMO

Contexto: At6 recentemente, muitos alunos do ensino fundamental
cometeram elros ao resolver problemas de numeros inteiros negativos, esp€cialmente
para alunos que tinham compreensao instrumental. Estudos que enfocam as estrat6gias

e dificuldades enfrentadas pelos alunos podem ser uma solugio parrr enconhar as

fragilidades dos alunos para que eles alcancem un mclhor nivcl de compreensio.
Objetivos: O objetivo deste estudo foi classificar casos de alunos do 5o ano do ensino
firldamental quc possuem compree$ao ilstmmcntal na rosohQao de larefas de itrteiros
negativos com lbco nas estrategias e dificuldades enlientadas com modelos de linha
numdrica. DesigD: Este estudo usa um projeto de p€squisa de estudo de caso. Ambiente
e prrticipartes: alunos do 5" ano do ensino fundarncntal que cstudaram o material
sobre operag6es de nrimero inteiro negativo em Sukodono, lndon6sia. Um dos alunos
que possui as mais variadas estrategias de conrpreensio e represe agao instrunental
foi escolhido como estudo dc caso. Coleta e atrilise de dados: A coleta de dados
qualitativos e feita fomecendo uma tarefa de modelo de linha numerioa e instrugdes de
entrevista. A anilise dos dados foi realizada por meio de aniilise comparativa,
nomeadamente compalando todos os dados recolhidos, incluindo as gravaqdcs de 6udio
e video transcritas. Result.dos: Os pesquisadorcs cncontramm v6rios tipos dc
estratdgias quc cnfrentaram obsticulos para a concluseo cognitiva por alunos com
comprcenseo instrumental, juntamente com dificuldades na resolugeo de problemas
num6ricos. Conclusoes: As implicagoes deste estudo sao muito tteis para futuas
pesquisas e pdticas de aprcndizagem ao longo da vida, cspecialmente no proccsso dc
como lidar com alunos do ensino fundamental que tem dificuldade em constluir
conhecimento e o conceito de operag6es ari&neticas inteiras negativas.

Prlevrrs{have: cstt-dtegia c dificuldade; represenhgeo; compreensao
instnrmental; ntmero inteiro negativo; estudo de caso.

Acta Sci (Crnoasr. ?4(2),6a-a'7,Md /,\pt 2022

INTRODUCTION

Elementary school students understand that the concept of negarive
integers is not as easy as understanding positive integers. According to
Boferding (2014), students' difficulties in solving integer problems are due to
their lack of prior knowledge of negative number knowledge. When the first



negative integer concept is given, it will seem abstract to students, th eby
conflicting with previous knowlcdge of integer arithmetic operations (Cengiz,
Aylar, & Yildiz, 201 8). Related to solving problems involving negative integers,
Bofferding, Aqazade, and Farmer (2017) stated that snrdents who are not
accustomed to using negative numbers or those who rely on the concept of
positive integers would often ignore the use of n€gative signs. Likewise,
overgeneralizing often occurs when solving problems involving number
opcrations, based on previous students' cxpcricnces in operating positivc
integers. This results in a misconception, where students think that addition is
always greater, while subtraction is always smaller (Whitacre et a1.,2012).

Rabin, Fuller, and Harel (2013) said that student misconceptions
continued. Students would face many challenges when facing new
mathematical ideas that came from previor:.s schemes. Therefore, several
studies have tried to bridge studenls to make understanding the concept of
negative integers easier. Approaches include mental models (Bofferding, 2014),
the problem sequence (Bishop et al., 2014), problems having different cases
(Aqazade, Bofferding, & Farmer, 2017), and the opposite model (Cetin, 2019).
However, these studies have not emphasized the difficulties faced by students
in solving the rspresentation-based problems used. Tambychik and Meerah
(2010) explained the understanding of educatorc or researcherc about students'
difficulties in solving problems, as can be seen ftom the representation of
answers, which is very important before developing students' thinking skills.

Thc number linc model providcs visual assistancc so that studonts can
check the relationships between integeni with each o0rer (Kent, 2000; Whitacre
et al., 201 I ). Wessman-Enzinger and Bofferding (2014) stated that number lines
were introduced to students to facilitate the trcnsition of their understanding of
negative numbers. Therefore, in this study, the number line is used as an
intermediary for students to solve integer operation problems. Through the
number line, the representation of students in adding and subtracting positive
or negative numbers will be observed so that the researchers can classi$, the
types of strategies used and identift the difiiculties that occur in students in
developing strategies.

The solution to aproblem depends on a student,s understanding. Skemp
(2006) argucs for two ty!,es of understanding: instrumental and relational
understanding. The diffsrence berween the two types is the difference in the
measue of mathematics and the reasons for the decision-making for why the
action is taken. Students who are classified as having instrumental
understanding are those who arc able to perform mathematical stcps, but they
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do not know why the measuring instrument is used. Conversely, students who
are classified as having relational undentanding are thosc who are able to take
math€matical steps and know the reasons for doing these actions. Suppose the
teacher does not find a solution for why students with instrumental
understanding or less relational understanding tend to fail in math problerns. In
that case, students' critical attitudes in solving prohlems will be hampered
(Anderson, 1996).

Several previous studies by Bofferding et al. (2017) explain the
strategies students use when facing problems there are differences. Bishop et
al. (2014) characterized students' strategies that were classified as relational
understanding through a number line model and a series of open sentences.
However, previous studies have not characterized the strategies and difficulties
used by elementary school students who have i.nstrumental understanding in
solving the problem ofaddition and subtraction ofintegers through the number
line model.

Problems of the Study

This study classifies the strategies students use with instrumental
unde$tanding and the difiiculties that occur with negative integers to solv€
problems through number lines and open sent€nces. This fact leads the

rcsearchers to eliminate gaps that occur through the following research
questions:

. What are the strategies used by st[dents with instrumental
understanding in solving negative integer arithmetic operations on
number lines and open sentences?

. What are the difiiculties of students with instrumental
understanding in developing problem-solving strategies?

These questions are used so that the results of research findings can
contribute to scicnce in detcrmining thc strategies used by studcnts who are

classified as having poor understanding. These findings are expected to be
useful for long-term research on how shrdents unde$tand development or
transitioning students with instrumental understanding to use relational
understanding through senlement snategies.
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METHODOLOGY

Research Design

This study tries to explore the shategic cases of students using
instrumental undcrstanding in solving the problem of ncgative intcgcr
opsrations through number lines and open sentences. It also identifies the
difficulties experienced by students in solving these problems because the case
study is used as the research design (Cresswell, 2012). The types of cases in
this study include intrinsic cases of instrumental students who are prone to
cognitive problems, which are interesting cases to study (van de Walle, 1998).

This research has been submitted to the Ethics Committee of the
University ofMuhammadiyah Sidoarjo and was approved on laruary 12,2020,
with opinion number 259. This is an ethical institution located in the ciry of
Sidoaio, East Java, Indonesia. Through the study and evaluation of this
research proposal by the Ethics Committee, the research was approved to be
carried out by involving students (humans), immediately after the proposed
research plan was submitted.

Participants

A total of23 fifth-grade students in an elementary school in Sukodono,
Indonesia, were involved in this study. These students have studied the material
on negative intcgcr operations. Among the students, four were classified as

having instrumental understanding. A student named Yulia (a pseudony.rn) was
chosen as the reseaxch subject because she was the only student who had good
initial knowledge of negative numbers and a poor understanding of number
lines, but a representation strategy that was generally more varied. However,
after confirmation, Yulia could not explain the mathematical arguments in
completing the numerical count operation on the number line compared with
the other three students. Regarding the involvement of all participants in this
study, including Yulia, researchers received ethical clearance from the school
committee and ethics committee. The students' guardians or parents were also

aware ofthe clearance.

Data Collection and lnstruments

Qualitative data collection was carried out by giving the number line
model task instrument and interview instructions to answsr the research
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questions. The [ne model task in this study consisted ofthe negative numbers,
lift, and open sentence tasks.

Table I
lndicalors and Questions from the Negqtive Numbers Task

Indicators Ouesti(,ns
. Finding positive and negative integers
on the number line.
. Determining the number of negative
numbers that appear on the number line.
. Comparing thc number ofint€gers.
. Summarizing the cxistence of an
integer on the number line.
. Drawing arithmetic operations on a

numbcr line.
. Describing arithmetic operations of
positive integers on a number line,
starting at zero-
. Staling fie number of sreps for the
displacement of each jump in the
direction ofthe line number.
. Defining other forms of arithmetic
operations with rcsults similar to
previous arithmetic operations.

. Drawing arithmetic operations for
positive integers on a number line that
does not start at zero.
. Describing the displacement steps and
direction ofthe number line.
. Summarizing the number line at this
numbcr and the previous number.
. Declaring deficiency must draw a line
starting at zero.

. Drawing negative integer arithmetic
operations on a number line.
. Explaining undersranding afler
completing aiithmctic operations on a
number line.

. Find the ten numbers before five on thc
number line below.
. How many negative [umbers are there
on the number line?
. Which is greater between 0 and -6?
. What can you deduce from the numbcr
line?
. Draw the addition and subtraction of 0
+2+5 3 on a number line.
. How many steps to move from number
0 to nurnber 2? In which d eation is it
moving?
. How many st€ps to move from numbers
2 to 7 and numbers 7 to 4? Io which
direction is it moving?
. Are there any other forms of addition
and subtraction that have the samc
result? If there is, write dorm and draw
the number line below. If not, give a
reason.
. Draw thc addition and subtractior of 2
+ 5 - 3 = ! on the number line.

. Describe the steps ofdisplacement and
number line's direction.
. What is the conclusion after solving
problems 4 and 5?
. Is it possible to draw the fom of
addition and subtraction on a number
line that is not preceded by the number
0?
. Draw the addition and subtraction of 3
*4-9onamnnberline.
. Try to explain what you undeNtand
aftcr seeing the form of addition and
subtraction.
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Negative Numberc Task

The negative number task aims to task students' initial knowledge of
negative numbers and number lines. The results ofthis task are used as one of
the considerations for finding research subjects so that it can be asceftained that
the subjects have good initial knowledge. This task was modified by the
inslrument researcher from Bofferding (2014) in terms of identifuing studens'
knowledge of negative numbers.

Lifi Tash

The lift task aims to identify student problem solving from negative
number operations rclated to the elevator context. This task is modified by
Bofferding (2014), which also trains and cultivates students' instrumental
understanding of number lines in everyday contexts.

Figure I

l)ascriptktns of LiJi Task

---]-

Rani was at the mall with her brother
They were on the third floor to buy
clothes. After that. they went up four
floors to buy food. A{ter they ate their
fill, they went home and went down
nine floors to the f,arking lot.

Rudi eotered the lift on the fifth floor. In
the elevator, he met a workmate, who
asked Rudi to deliver a letter to Susi on
the eighth floor When Rudi arrived, he
found out that Susi was in the parking lot
getting somcthing. Rudi went down nine
floors to meet Susi.
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Table 2

lndicators and Questions of Lift Task

lndicators Questions
. Illustrating th€ story's problem in a more
contcxtual situation, namcly in an elcvator.
. Determining th€ final position according
to the problem presented.
. The adthmctic operation determines thc
form ofthe presented problem process.

. Illustrati[g thc story's problcm in a more
contextual situation, namely in an elevator
. Detennining the finalposition ofthe story
subiect.

. Describe the position ofthe related
problem presented in the lift.
. What floor is the parking lot
located on?
. Detemine the arithmetic
operations according to the form of
the story
. Describe the position ofthc subject
as the problem presents the story.
. On what floor do the two people
mcct?

Table 3

Indicators and Questions of Open Sentence Task

Indicrtors
. Illustrating negative integei
opcrations in the form of an opcn
sentence at the end.
. Illustrating the operatior of a
negative intcger in the form ofthe
initial open sentence.

. Illustrate the comting operation
5-e=!
_q+6=n
. Illustrate the calculation operation

a+6=2
!-3: 5

!+:=-o
. lllustrate the counting o!rcratioh

:3
= lt:4

't+
8-
6+

. lllustmting a negative integer
operation in the form of an open
sentence in the middie

. Declaring true or false statements
oi negative integer arithmgtic
operations.

. Is the calculation operation true or false?

. Try to prove the arithmetic operation by
drawing the number line.
. What is thc reasofl you answercd right or
wrong?
9+(-7)=2
9r'7=9-7
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Open Se tmce Task

This task aims to classifu the shatsgies used by students with
instrumental understarding in completing a series ofopen sentences in negalive
integer arithmetic operations. These tasks are formed in two types, e.g.! open
sentences such as f] + 6 :2 and comparison tasks.

I nt e rv iew I n str u c7 i on s

Interview instructions were used to explore students' thinking about
strategies and instrumental student difficulties in solving number line problems.
This interview was conducted two times at different times. This process was
also intended as data triangulation to ensure t}le validity of the data. Students
were asked to explain problem-solving steps to see tl1e results oftasks that have
been done previously while recording audio and visual of student activities.
After completing the entire task and interviewing the researcher screening of
the video whether it is clear or not. If some answers are different from the
student's results, the researcher will clarify these differences. Questions will be
developed according to the answers expressed by students about the problem-
solving process carried out by Yulia in making plans and carrying out the
ana\sis ofthe complete plan.

DataAnalysis

All interview data were collected, audio recordings and videos were
transcribed, and copies of student work were combined with each tuanscript.
Data analysis procedures involving open, axial, and selective coding processes
for continuous and qualitative data involved permanent comparative analysis
between each category and new categories emerged (Cresswell,2012\.

Researchers conducted interviews and compiled transcripts of students'
answers. To analyze the interview data and transcripts were reduced to
fragments containing explanations ofthe students' main ideas. Data were coded,
sorted, and repeatedly read to answer research questions. After recording, data
validity was ensured by determining accuate ard complete data collection by
managing written tasks and intewiew transcripts.

Acta Sci. (Canoas) 24(2\,64-81,Mat lApt.2022'12



RESULTS AND ANALYSES

The results of the study were shown by students' leaming on initial
knowledge, namely, Yulia's understanding of the context of the situation,
strategies, and difiiculties in solving problems involving the number line model.

Yulia's Understanding of the Context

Sometimes students still do not know about negative numbers that exist
in real situations. Therefore, the next task aims to identiry students'
understanding of negative numbers in real situations through contextual
problem elevators. Students will understand more easily through contextual
problcms becaus€ thcy are relatcd to everyday life, enabling students to solve
problems properly. After the researchers know students' understanding and
knowledge, they will be introduced to problems related to everyday life. These
cases involve negative integers that contextualize tlese problems in students'
real lives- Such an introduction is represented by an elevator. Students illusfate
problems that make up a story into a picture that resembles a.n elevator. Students
shade in the appropriate position on the elevator problem image. Thcn, students
add a curved line next to the picture as a sign ofdisplacement.

Yulia responds to the number line problem, such that vr'hen someone
uses the elevator and tie process moves up, Yulia assumes it involves addition.
By contrast, Yulia assumes it involves subtraction when the elevator goes down.
Contextual problerls are easier to solve for Yulia, and she can also write down
the form of arithmctic operations that occur according to the problem prcsented.
This research focuses on how Yulia's strategy in solving problerns is related to
negative integers by solving using a number line. Questions are designed using
open sentences. The researchers hope that they can solve the problem with a
strategy that suits the mderstanding of each student.

The strategy used by Yulia for this problem tends to use signs or lines
as the position and direction of the movement in the elevator. Students
successfully solve the problem about the story presented, and they can write the
form of addition and subtraction according to the problem. When students are

able to solve the problem, students should be able to solve the problem of
counting negative integers using number lines.

Yulia's Strategies for the In-Line N[mbers Problem

This section will explain Yulia as a research subject in detail. Students

with knowledge about negative nurnbers are represented by Yulia. Students can
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determine l0 numbers under the number 5 in sequence and right on the number
line. Students can also name the number of negative numbers that appear on
the number line if five numbels are present, namely, -5, -4, -3, -2, alad l.
Students are also able to compare between 0 and -6, which is greater than 0 on
the grounds that the number 0 has no negative sign. Students conclude that a
number further to the right on a number line is greater and vice versa, that a
number furlher to the lefl is smaller.

The next problem is almost identical to the previous problem. The
difference is that in the previous problem, the set of questions before the
operation starts with a count ol 0, whereas in the next problem, it does not.
After completing these questions, students are expected to make conclusions.
Students have b€en able to solve the problem well and are able to conclude that
this problem and the previous one have the same result. Students also conclude
that the drawing operation on the number line does not have to stafi with the
number 0. This last problem is an evaluation of the previous questions about
how students understand the addition and subtraction of negative integers on
the number line. Students can answer questions and draw number lines correctly,
but when students are asked to vrite their understandirg ofthe problan, they
cannot make conclusions.

Yulia's Strategies and Difficulties in Solving Number Line

In the previous negative number and lift tasks, the shrdents tended to
model operations involving negative integers verlically on the number line.
Students are asked to illustuate horizontal number lines in the open sentence
task. Yulia already understands the problem, as seen from the corect steps to
solve it. However, when asked to make addition and subtraction forms that are

almost the same as before with the same results, she cannot solve them. This
inability is evident in the blank on the student ansurer sheet. This result is one
of the reasons for classiSing Yulia as instrumental because she can perform
mathematical steps but is unable to connect previous concepts with new
concepts. In this casc, thc rcsearchcrs delibcrately staxted the operation of
counting with the number 0 so that Yulia could compare it with the next
question. When interviewing Yulia, t}le researcher submitted a task sheet that
had been done with the previor,rs students in the form of a series of open
sentences. Students were interviewed about how and why they solve problems
so that the researchers know the stmtegies used.
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The frst two problems raised involved the addition and subtraction of
negative numbers with open lines as a result of addition or subtraction
operations. The fust task is task 5 - 9 = [ and followed by -9 + 6 : n.
Students must complete the task corectly. Yulia's fiIst response resolyes 5 - 9
: ! by jumping nine times liom 5 to the left or toward the smaller number
value. The researchen assumed the students used a countdown strategy.
Students' understanding of this problem assumes that the reduction will move
to the left. If the task before the student moves to the left, and then for the task

9 + 6 : n , Yulia completes the task by jumping to the right of the number -9
jumping six steps. The student assumes that because it is added, it will move to
the right. Students' strategies regarding the two problems were the same when
students were interviewed a second time. Students use the definition of a
number line and the notion of addition as the movement to the right (fovard)
on the drawn number line and reduced as *re movement to the left (backward).
Researchers attribute this belief because of addition typically moving to the
right. Students' strategies regalding the two problems were the same when
students were interviewed a second time. Students use the definition of a
number line and the meaning of addition as the movement to the right (forward)
on the drawn number line and subtraction as a movement to the left (backward).
Students think that because addition occurs, the shift will move to the right.

The second problem lies in the open sentence in the middle ofthe task
such as 7 + n : 3, 8 - n : ll and 6 + n = 4. Snrdents completed all three
tasks correcfly- In the foudh taslq students were asked to prove the correctness
or error of tasks suah as 9 + -7 :2,9 + -7 :9-7, and 7 2:7--2. Students
solve the first problem well. The answers are wrong for the second problem,
but the sffategy is right. For the third problem, students answer wrong.

The third task is D*A:2, [ -3:-5 and [ + 3 = 6. Students must
complete the task n + 6 = 2 correctly. Students staft the strategy from the
results and move back six steps because the open sentence in front of the
student's understanding is slightly different fiom before. When the addition is
used, students start from the results of the backward movement. Students
continue to find the tasks ! - 3: -5 a;ld n + 3: -6, difficult. Their answers
and strategies remain $rong. Stud€nts start from the middle to task n - 3 : -5,
from 3, then left to -5. This task aims to find out the results of students
calculating the distance between 3 and -5. Students start from the results then
add tlree moves to the right. In this task, students forget the concepts that have
been worked on in the point n + 6 : 2. Researchers differentiated Yulia's
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arswers based on the right and wrong strategies when interviewed (Tables 4a
and 4b).

Table 4a

Yulia's Correct Strategies and Responses

No Problems Strategies Interview responses

lu 5 9: Countdolvn

rb ,9+6=! Calculating
forward

. "From the number five, if you lower it to
the left, counting ftom steps five to nine, the
result was negative four."
Why to the teft?
"Because if it was rcduced to the left."
. "5 minus 9" refers to Yulia starting from
five then moving left nine step6. The rcsult
was -4.
\!'hy move left?
"Minus."
. "From -9 nine plus 6. The result was -3."
Why step right?
"Because addition."
Are you sure you answered correctly?
'Certain.'
. Yulia- when answering "3 plus 7 results in
-4," pointed to tbree then shifted to the left
seyen steps. Then, the result was 4. Yulia's
concept changed at the beginning when she
stated that ifthe addition moved forward. In
this case, Yulia actually moved backward.
. "3 minus -7 arNwers 4."
Why did you go left?
"Du€ to minus."
. "From the number 8, I added 8 ftom 1,

2, ...., 8. The rcsult was -3."
Yulia's concepr changed at tie beginning
when she stated that if addition is used,
forward movement occurs. Howevel in this
case, Yulia actually moved backward.
. "8 minus 7. becomes -3-"
Why move left?
"Due to minus."

Acia Sci (Canoas). ?a(2),64-a1,Mat /Apr.2022
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4a

2c 6+L=4 Behind start

3a !*0=Z Behind start

. Yulia, *fien answering "4 plus 6 results in
-2," pointed to the numb€r four thcn moved
lcft six steps. The rcsult was -2. Yulia's
concept chaflged initially when she stated
that ifaddition is us€d, forward movement
occurs. In this casc, she actually moved
backward-
. "4 minus 6 was -2."
Why move left?
"Because it was reduced "
. "Because the numbers wcrc aLnost non-
existent, th€ numbers start bchind-" Yulia
pointed to the 2. lhen moved to dre left six
steps, finally stopping at -4. Thus, thc result
was negalive four.
. "From 2, the result was -4 minus 6."
Why was it reduced?
Yulia answered correctly.
. From two, Yulia began to draw a line two
rungs to thc left for nine rungs, cnding up at
-7. But she was unable to explain how she
answered correctly
"I didn't know. The grade was calculated
belbrehand. "
Yulia answered correcdy.
"From -7, plus 9, the rezult was 2."
Why did you answer correctly?
"Because the rcsult was the same as and
because I had calculated it.
Yulia answered incorrectly.
. For the Solution 9 + -?, Yulia answered,

"Of -7, the result was 2." Yulia stared at -7
and then progressed nine steps, ending at 2.

' 9-7 completion. Here, "nine" refers to
Yulia starting at 9, then took seven steps

back, ending at two. The answer should bc

correct because the mrmber line represented
both. However, Yulia answered incorrectly.
"Because I counted, but I slippcd."
Yulia answered incorrectly.
. For the solution 9 + 7, she explained, "Of
-7 plus 9, for a rcsult of2."

True or
false:

9+'7=2

True or
falsc:

9+-'1:9'l

Behind start

Calculating
forward

Countdorm

+b

. The solution was 9-7, mzLking 2
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Why were line numbers 9 + -7 going to the
right and line numbers 9 7 going to the
left?
"Because 9 + -7 was added, while 9 -7 was
subtracted. "
Why did you answcr incorrcctly?
"Because I counted."

Table 4b

Yulia's Wrong Strategies and Responses

No Problems Strategies Interview responses

3b -3=-5 Calculating
distance

3c n+3=-6 Behind start

. "I was tlre beginning ofthe numbers." Yulia
pointed to thrcc atrd then movod lcft to -5. "l
forgot." Yulia calculated the distance or
jumped liom three to five negative numbers.
The number ofjumps was eight.

' Yulia forgot where to stan. She ranged from
-5 plus 8 to 3.

Why did you add?

"l tried."
. "For -6 plus 3, the negative result was 3."
Were you sure?

'Not surc, It's hard."
. "From -6 plus 3, the result was -3."
Why did you move right?
"Due to plus."
Yulia answered true.
. For the 7-2 solution, Yulia said, "7 minus 2
resuls in 5." Yulia pointed to 7 and stepped
back two steps. Then, she stopped at 5.

For the solution of 7 2, Yulia point€d to 7
and moved thc pencil to 5. She stepped back
two steps.

"Th€ result is 5, which is the cotrect answer."
Wcrc you sure?

"l didn't know, but the rcsult was the same. I
took tbe seconds and I had counted it."
Yulia answercd corrcctly.

4c True or
Falsc:

7-2 -'.| -
-2

Countdown
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. For 7-2, Yulia stated "From 7, Ijumped left
twice, for a result of5."
. For 7- -2, lfulia stated, "From 7, I jumpcd
to fie left twice, for a result of5."
How did you answer correctly?
"Bccause the rcsult was the same and I
calculated it."

Yulia suspects that subtraction or addition follows the direction of the
shift in the calculation operation steps. This belief may be seen in the strategy
used in solving the problems 5 9 : ! aad -9 + 6 : [. Yulia perceives addition
as a step forward or a step to the right. By contrast, Yulia assumes tlat steps are
to the left or backward for subtraction. Figure 2 shows the results ofYulia's task.

l. ll. Cn lbirtlah opcrsli lit$n8 5 -,' pl& Earis bilanlrr'l

IO r) .i .r .{,.t n .! .: .t o I t3{5 (,?s1t0 u t: D t{ tJ

b. lJlu biflullnri dcosar.9 - 6 - . Cbbi girn lrrtatl'

l0 -9 -E.7.6.' -r.r -: -l o I 2' { s 6 ? t, kr t-. t.! t.r r(

To solve problems la and lb, Yulia drew the line from -4 to 5 and -9
to numb 3. The researchcr intcrvicwed Yulia about the strategies used to
clarifu the strategy used. To solve 1a, Yulia stepped back (moving to the left)
from 5 nine steps, ending at 4. Yulia explained that subtraction moves left or
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back. The researchers concluded that the stuategy used was a countdown, To
sotve lb, Yulia stepped forward (moving to the right) from 9 to the right for
six steps, endingup at -3. Yulia explained that addition would move to the right,
The researchers concluded that the strategy used was calculating forward. In
solving problem 2a, namely, ! + 6 : 2, Yulia started the solution stcp from tbe
result or fiom behind. She started with two then moved to the left six steps
because the first number was blank in the sentence. Finally, she stopped at -4.
The reason Yulia gave for subtraction is that she was experimentiag.

In problems 2a and 2b, Yulia's answers were not coffect. In problem 2b,
namely, !- 3 : -5, Yulia used the strategy of calculating the distance. Yulia
started from the middle, which is 3. Thcn, she moved left to 5. She calculated
the jump distance ftom 3 to -5. The distance is eight. For problem 2b, namely,

! + 3 : -6, Yuliu rtarted liom behind or from the result. She simply attempted
to find the answer by stading fiom 6 then adding 3 . The result is 3 . Yulia was
not sure ofthc answer.

The solutions to problems 3a 3c were resolved properly. For the
problem 7 + ! : 3, Yulia started her strategy from the result. She started at 3,
then added 7, resulting in 4. She moved to the left in seven steps. Her
understanding of addition shifted to the right as the task changed. For the
problem 8 - ! = 1 l, Yulia counted backward from 8 by elevcn steps. The result
is -3. For the problem 6 + n :4, Yulia started at 4, then added 6, resulting in
-2. Initially, she responded to the way they were added and moved to the left.
However, in the inteliew responses, Yulia explained that she did this because
of subtraction, which necessitated moving to the [eft.

For task 4a, the strategy Yulia used rir'as correct. She answered correctly.
She stared from 2, moving the left nine steps, ending up at -7. However, in the
second interview, Yulia started with -7, then added 9, ending up at 2. She did
not know the reason for the solution in the first interview. Yulia used the
counting for-ward and backward strategies to solve problem 4b, namely,9 + -7
= 9 7. She stated at 7, moved forward nine steps, ending up at 2. For the
counting operation of 9-7, Yulia counted backward fiom 9 by seven steps,
ending up at 2. However, the student still answered that the comparison was
\ryrong, even though the results were stated to be the same. The researcher
concluded that the students' answers were wrong, but the sfiategy used was
correct.

Yulia used a countdown strategy to solve problem 4c, nNnely, T -2: 7
2. She started widr the "7 minus 2" number strarcgy. Here, she started from

7, then moved back two steps, resulting in 5. For the corurting operation 7 - -2,
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Yulia started from 7 and moved back two steps, resulting in 5. The completion
strategy used by Yulia lacks correctness. Each of Yulia's difficulties in
answering sfategy was analyzed, as seen in Table 5.

Table 5

Yulia's Dfficulty is Bqsed on lhe Strateg) Used

Stmtcgies Problems Difficulties with the strategies used

Countdown s-e=!
8 [=ll
True or false:

9+ 7=9 7

True or false:

-9+6=!
True or False: 9
+ -'7 = 9-'7

Yulia does not experience problans in tasks
where the open sentence is behind. She feels
confused about the change in cou-nting
operatioo signs whcn complcting a task wherc
the open sentence is in rhe middle, resulting in
a difference in argrnnents between the oral
statement and the stratcgy dcpictcd on thc
number line. For exarnple, Yulia states that for
8 + I l, the addition always moves forward, but
she moves the pencil backward. In the
comparison problem, Yulia has difficulty
counting operations because negative sl,mbols
accompany the addtion synrbol. Yulia ignores
one of these symbols. She also has difficulty
explaining the reasotrs for the complete stcps.
Yulia does not have difficulty on tasks where
the open number is behind. The strategies and
rcasons that shc gave were correct. ln the
comparison problern, Yulia has difficulty
counting operations because negative syrnbols
accompany lhe addition slmbol. Yulia ignorcs
one of these s).rnbols. She also has difficulty
explaining the reasons for the completion steps.
Problems ansc in tasks whcrc $e opeotng
senterce is at the beginning. Yulia has difficulty
starting the strategy. She then starts the sfategy
from the results section. The difficulty also lies
in the change in the operation markers due to
thcir changing location. Sometimes Yulia
makes the wrong stalemeot thereby influencing
the strategy ofproviding results.
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Count
forward

Behind start !*o=z
E*l:-r
7+!=3
6+!=4
True or False: 9
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Yulia's difflculties ar€ described in each ofthe strategies she undertook.
In the strategy of counting down or counting for-ward, diffculties occur when
solving comparison problems. Students who complete the task have difficulty
subtracting or adding with slirnbols that are close to negative syrnbols. In the

"behind start" strategy, difficulties in beginning the task occur because the open

sentence is in the middte. In the strategy ofcalculating the distance, difticulties
occur in the use of operating marks,

Discussion

Students' views about the existence of negative numbers or numbers

smaller than zero are different. Students arc asked to name ten numbers under

five on the number line based on their knowledge, like the initial task giver to
research subj€cts. The research subjects can mention r€gularities well, whereas

some ofthe other students could not. This task uses a number line with 5, 6, 7,

8, 9, and 10. To the left of the number 5, ten squares are left blank by the

researcher Students are asked to identifo the numbers in these blanks. Students

who do not have good knowledge of negative numbers will name them

randomly, even though the number line should also be a position code.

According to (Fischer, 2003), representation is automatically associated with
left space. The coding and representation of the nurnber line ctm be adjusted

according to the numerical context and the problem.

When students are asked to compare these numbers, the researcher

wants to know ttre extent to which students understand negative numbers.

Students are required to compate numbers 0 and 6, which is greater. Some

students answff that -6 is greater than 0. Howevel if the subject has good

knowledge and rurderstanding of negative numbers, such comprehension can

be seen from their conclusions. Thus, good knowledge and understanding will
be the basis for students to further solve problems related to negative numbers.

Ask students why and use number line representations will help students make

connections between problems, come up ![ith students' answers and strategies,

and describe students' thinking (Aqazade et al.,2017).

As regards thc clevator problem as a contextual problem, many

students do not have direct experience with elevators but are interested in the
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context of the problem (Yilrnaz, Alqrz, & Stephan, 2019). One of the
characteristics of a good contextual problem is that it will bring about
mathematical int€rpretation and strategy solutions, representing an informal
sfategy that serves as development into more formal mathematics (Widjaja,
2013). Through an elevator, in addition to knowing the existence of actual
negative numbers, students are also introduced to the use of number lines.
These numben are vertical lines only because ofthe shape ofthe elevator. The
ability of students to relate mathematics to real life is very important and
practical. Such connections are critical because they relate to the introduction
of mathematics in everyday life. The introduction must be accurate to develop
certain conceptual and mathematics leaming (Altay, Yalvag, & Yelteki4 20 I 7).

Several implications are related to the findings. First, understanding
how the research subjects draw a number line provides a different
understanding in compiling and implementing completion plans. The number
line that has been made instrumental-only describes a number line that does not
emphasize a large number of sequences. The freedom of students to fomulate
and implement a plan causes differences in the symbols or lines they use when
using number lines as a problem-solving tool. Second, different types of
problems affect students' understanding of the concept of the material. Such
understanding can be observed Aom the way the students use the solution.
Tasks for preliminary studies with tasks to study strategies provide insight into
their conceptual understanding. Tasks are designed so that students remain
directed at their rmderstanding of using number lines, resulting in incisive
insights into students' understanding.

The students who completed the task remembered more formulas in
finding results, indicating that they did not know the actual concept of the

material. However, with such tasks, students are given more fieedom in using
strategies according to thet respective ways of uaderstanding and thinking.
Students' fieedom ofthought to operate number lines provides insight into the
development of their thinking. Thus, the strat€gy used will be in accordarce
with their thinking. Students do not have to start from zero in arithmetic
operations to solve negative number tasks using number lines,

Although number lines are introduced in tho students' textbook,
studcnts are indirectly infoduced to a set ofrules that must bc followed to reach

the correct answer. Although the research subjects used number lines to solve

negative integer problems, it seems that it can resemble the size ofa textbook
if using number lines. However, students develop very different rules in ths
process. In using the number linc, students are free to staxt wherever they wish
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to complete the task being asked, especially in this case, where the arithmetic
opcration task is in the form of an open sentence. Thus, if students nced to
complete the task by giving a point at the beginning as the starting point for
moving the steps on the number line, then students encounter difficulties ifthey
open a sentence to find the number in front or begin to purposely leave it blank.
Therefore, the number line can be used as an appropriate tool so that students
can provide strong reasons for negative numbers (Bishop, 2011). Negative
integer count opcrations with number lines a.nd open sentences can be used as

a teacher's solution so that students are better able to understand the concept of
negative integ€rs. Furthermore, problem-solving sffategies that are in
accordance with student thinking crm be explored. Students' differences in
interpfeting negative numbers will affect the strategies they use in solving
problems. The gap that occurs when introducing negative integers is that
students interpret negative numbers in various ways according to their
knowledge ofnumbe6, potentially affecting their problem-solving strategies in
solving negative integer problems (Aqazade et a1.,2017). Students' differences
in strategy use depend on their contrasts in analyzing the problem, grving them
different benefits in interpreting the problem (Aqazade et at., 2017; Bofferding
& Wessman-Enzinger, 20 1 7).

Student difficulties occur because students do not understand the
difference between the signs ofoperation andpositive or negative integer signs.
Students should understand the problem hrst when completing the elusive
negative integer concept task, even though they have no difficulty placing
negative numbers on the number line but have problems comparing values
(Cetin, 2019). Giving difficult tasks at the basic education level makes students
tired and pessimistic, preventing them from solving problems (Stein &
Burchartz, 2006). The difficulty of students in solving these problems arises

because of the cognitive barriers; tasks that are too difficult at the beginning
can become students' cognitive obstacles. The cognitive barriers to
understallding aad knowledge that allow students to leam preclude negative
integers (Bishop et al., 2014). Sometimes, in the process ofperceptual memory
students' perceptions of concepts can be misunderstood, potentially causing

cognitive bariers (Fischer, 2003).

CONCLUSIONS

Researchers have found various strategies that examine the
instrumental ability of students in linking existing material concepts to new
concepts. Students with instrumental understanding remain unable to connect
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existing concepts to new concepts. Such students are able to solve the problem.
Howevcr, when asked for an cxplanation oftle reasons for completing the steps,
they cannot provide them. Strategies for students with instrumental
understanding include counting down, counting forward, calculating distance,
and starting backward. Generally, students' difiiculties occur because they do
not understand the dilTerence between positive or negative operating signs and
integer signs and decide the type of strategy used in problem-solving.
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